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Outline

@ Introduce MDPs and the Linear Program formulation
@ Algorithm

© Oracle inequality

© Experiments
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Markov Decision Processes

A Markov Decision Process is specified by:
@ State space ¥ = {1,..., X}
@ Action space A ={1... A}
@ Transition Kernel P: X x A — Ay
@ Loss function ¢ : X x A — [0,1]

Let P™ be the state transition kernel under policy 7 : X — A 4.

Our goal is to choose 7 to minimize the average loss when X and A
are very large.

Aim for optimality within a restricted family of policies.
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Linear Program Formulation
@ LP formulation (Manne 1960):

max \ 1
nax A, (1)

st. BT(M4+h)<(4+P"h,

where B € {0, 1}(X*X4) is the marginalization matrix.
@ Primal variables: h is the cost-to-go, A is the average cost
@ Dual:
min ¢, 2
min e H (2)
vst. 1Tu=1,41>0(P-Bu=0.

@ Define policy via m(a|x) o< p(x,a)-
@ Dual variables: 4 is a stationary distribution over X x A
@ Still a problem when X, A very large
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The Dual ALP

Feature matrix ® € RX**9; constrain y = ¢

min ¢Td0, (3)
HERXA

st. 17¢0=1,00>0,(P-B)'¢6=0.

[-]+ is positive part

Define policy via mg(a|x) « [(®0)(x, a)]+,
Lg is the stationary distribution of P™

oy ~ 0

(7 g is the average loss of policy 7y
Want to compete with ming £ 119
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Reducing Constraints

@ Still intractable: d-dimensional problem but O(XA) constraints
@ Form the convex cost function:

c(6) = £T o0 + |[06]_|, + H (P B)T¢GH

—€T¢0+Z“¢(xa O] |‘|‘Z‘¢9 (P—B).x

(x.2)

@ Sample (x;,ar) ~ g1 and y: ~ Q2
@ Unbiased subgradient estimate:

() .

T (xt,at),:

gt(e) =( ¢ — o] ();t’tat)ﬂ{d)(x,,ar),:e<o} (4)
(®T(P=B).y)"

®l) o (0 (P=8).)
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The Stochastic Subgradient Method for MDPs

Input: Constants S, H > 0, number of rounds T.
Let Mg be the Euclidean projection onto S-radius 2-norm
ball.
Initialize 61 o 1.
fort:=1,2,..., T do
Sample (x;, ar) ~ g1 and x{ ~ Q.
Compute subgradient estimate g;
Update 6;11 = Mg (6t — nt9t)-
end for
Or =7 ZIT:1 O1.
Return policy T -
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Theorem

Given some ¢ > 0, the 61 produced by the stochastic subgradient
method after T = 1/¢* steps satisfies

| V(6)
T T
l Mo, < gélg (f o + e + O(e))

with probability at least1 — o, where V = O(V; + V>) is a violation
function defined by

Vi(0) = [I[®6]- |4
Va(6) MP—Bf¢ﬂf

The big-O notation hides polynomials in S, d, Cy, Cy, andlog(1/4).
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Comparison with previous techniques

@ We bound performance of found policy directly (not through J)
@ Previous bounds were of the form infy ||J* — W]

@ Our bounds: performance w.r.t. best in class w.o. near optimality
of class

@ No knowledge of optimal policy assumed
@ First method to make approximations in the dual
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Discussion

@ Can remove the awkward V(0)/e + O(e) by taking a grid of ¢
@ Recall

o} : P—-B) ¢
2 1 S [
(xa)exXxA qi(x,a) XeX Q2(x )
@ We also pick ¢ and gy, so we can make Cy small

@ Making C, may require knowledge of P (such as sparsity or some
stability assumption)
@ Natural selection: state aggregation
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Comparison with Constraint Sampling

@ Use the constraint sampling of (de Farias and Van Roy, 2004)
@ Must assume feasibility

@ Need a vector v(x) > |(P — B)" ®¢| as envelope to constraint
violations

@ Bound includes ||v(x)||1; could be very large
@ Requires specific knowledge about problem
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Analysis

@ Assume fast mixing: for every policy 7, 37(7) > 0s.t. Vd,d' € Ay,
| — P, < & d - |

@ Define

: P—-B) ¢
Cy = max [¢a- , G =max P = B).]] .
(x,a)exxA qi(x,a) xeX g2(x)

@ The proof has three main parts
Q@ Vi(0) <erand Vo(8) < ex = ||ug — ®O||; < O(er + €2)
@ Bounding gradient of ¢(6); checking it is unbiased
Q Applying stochastic gradient descent theorem:
(T 00 < mingeg c(0) + O(e)
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Proof part 1

Lemma

Let u € R*A be a vector with

1Tu=1,|ul| <1+e,

uT(P— B)H1 < e

For the stationary distribution y, of policy ut = [u]+/ ||[u]+]l;, we have

I = ully < 7(uu)log(1/€)(2€ + ") + 3¢’ .

Proof:
@ Two bounds give ||(P— B)"uT||, <2¢1 + e :=¢
@ Also, |lut — ul|; < 2¢

@ Define MU" € RX*XA a5 the matrix that encodes policy ut, e.g.
MY P = pu
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Proof (continued):
o Letyg=ut, ul =pl (PMY, vy =pl (P—B)=vi 1M P
@ u is the state-action distribution after running the policy for t steps
@ By previous bound, [|v|; <€ = [[v|y <€
° ,UtT = M;r_1PMU+ = (N;F_1B+ Vt—1)MU+ = M;I—_1 + Vi MY
e Telescoping: s} = ud + 3K o viMY"
© Thus, ||k — U™l < ke
@ By mixing assumption: ||ux — pyll; < €7 1/77)
@ Take k = 7(u™)log(1/€') and use triangle inequality
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Applying SGD theorem
Theorem (Lemma 3.1 of (Flaxman et al., 2005))

Assume we have
@ Convex set Z C Bx(Z,0) and (ft)i=1 2., 7 convex functions on Z.
o Gradient estimates f{ with E[[] f{|z;] = Vf(z;) and bound ||f{||, < F
@ Sample Path zy = 0 and z;1 = Nz(z; — nf{) Nz Euclidean
projection)
Then, forn = Z/(FV'T) and any § € (0, 1), the following holds with
probability at least1 — §:

T T
; fi(zt) — Enelg ; fi(z) < ZFVT (5)

2
+\/(1 +422T) (2Iog%+dlog (1 +%)) )
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checking conditions of theorem

Recall gradient: for (x;, ar) ~ g1 and y; ~ @,

¢ .
_ T (X[aaf)r
(P-B).,

+ HTmytsgn ((@0)"(P—B)..)-

We can bound

Pan:ll, | [I(P—B), 9
i <l o HH (xt.ar): |12 2
Ioi(®)l < |7, + AT B2 %)

<Vd+H(Cy+ Cp) :=F.

and E[[] g«(0)] = Vc(0).
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proof conclusion

The SGD theorem gives us:
(T 007 + H(V4(8) + Va(B)) < £7 06" <H(V4(6%) + Va(6*)) + br

where br is the regret bound from the theorem:

F  |1+482T 1 d+ ST
br = s -l—\/+— (2Iog(5)+dlog(+—)).

T2 d

5

We take

1 (2(1 4 S) + HV; (67) + HVa(0%) + br) = ¢
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Applying the lemma twice:

(Tpig — €T pge SHVi(67) + HVa(6%) + b + 7(s15) log(1/¢')3¢’ + 3¢
+ 7(pg+) 10g(1/V(67))(2V4(07) + V2(67)) + 3V4(0)

Since by = O(H/V/T, taking H=1/eand T = 1/¢* yields:
1

Mg =1 g < —(Vi(07) + V1 (07)) + O(e)-
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Queueing network example (Rybko-Stolyar)

servery  servers

@ Customers arrive at u1/ug then move to po/pg
@ Server 1 processes /i1 OF ji4, SEIVer 2 processes jip or u3

@ Features: indicators of sub-blocks in state-action space, stationary
distribution of LONGER and LBSF heuristics

@ Loss is the total queue size
@ a1 =a3=.08,d; =d>,=.12,and d3 = dy = .28, X = 902500
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Results

loss of running average ., total constraint violation of running average average loss of the running average policy
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@ The left plot: linear objective of the running average, i.e. £ 6;.
@ The center plot: sum of the two constraint violations of 0;

@ The right plot: ETMA The two horizontal lines correspond to the
loss of two heurlstlcs LONGER and LBFS.
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Conclusion

@ Presented an algorithm to solve average-cost large-scale MDPs

» Restricted the dual LP to a subspace to reduce dimension
» Used Stochastic Gradient Descent to sample constraints

@ Presented oracle inequality guaranteeing we perform well w.r.t.
best policy in the subspace.

@ Demonstrated algorithm on a queueing network
@ Visit us at poster T75
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