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Square loss protocol

Convex set C, length T, and know loss functions /.
Foreachround t=1,..., T,

» We play a; € C

» Nature reveals y, € C

» We incur loss

2
lae,y) = llas =y
For some comparator class A, the best comparator is
T

Lr(yf) =min > #(a,y.).

Goal: find a strategy with minimum regret

T
Regret = Zf(at,)/t) - L?’(YlT)
t=1



What is minimax?

We play to minimize the worst-case regret. Value is

V = inf sup  Regret(S, D)
Strategies S  Data D

= Regret(a{,y{)
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What is minimax?

We play to minimize the worst-case regret. Value is
V = inf sup  Regret(S, D)
Strategies S  Data D

= minmax... min max min max Regret(a{ ,y])
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What is minimax?

We play to minimize the worst-case regret. Value is
V = inf sup  Regret(S, D)
Strategies S  Data D

= minmax... min max min max Regret(a{ ,y])
ar  yi ar—i1yYr—1 ar yr

» Optimal algorithm against worst case adversary
» How can we compute this?

» Backwards induction / dynamic programming



Value-to-go

Consider what happens after t rounds:

T
R : * T
V =minmax...minmax » f(at,y;)— L7 (v{)
ar Y ar Yt
t=1
t
= minmax...minmax » {(a;,y,)
ail Y1 at Yt
=1
-
: . * T
+ min max. .. min max Uar,y,;)— L3 (yq1)
A+l Yiq1 ar Yyt i1l

=V;¢(y!), the value-to-go with history af,y!



Value-to-go

Consider what happens after t rounds:

ar yi ar yr

-
V = min max. .. min max Zﬁ(at,yt) - L*T()/lT)
t=1

t
= min max...min max g Uar,y,)
at Yt —1

a Yy
-
+ min max. .. min max E Uar,y,)—L%(y])
A+l Yiq1 ar Yyt i1l

=V;¢(y!), the value-to-go with history af,y!
Inductive definition:

Vr(y!) = —L5(v]) (1)

Vt—l(Yi_l) = ”;i” n}axe(a’tayt) + Vi(y1,-- -0 Ye) (2)
t t



Value-to-go

The minimax regret V equals value-to-go Vp(e) (empty history).
The minimax strategy: after seeing y1,...,V¥:_1,

» Compute Vi(yq,.--,V¢)
» Choose a; as the minimizer of

V(yi,- oy V1) = rr;itn myaxé(at,yt) + V(y1y--5Y4)



Value-to-go

The minimax regret V equals value-to-go Vp(e) (empty history).
The minimax strategy: after seeing y1,...,V¥:_1,

» Compute Vi(yq,.--,V¢)
» Choose a; as the minimizer of

V(yi,- oy V1) = rr;itn myaxé(at,yt) + V(y1y--5Y4)

Problem: this is expensive (usually exponentially so).
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Outline

What is minimax?
Two minimax square loss games
Mimimax fixed-design online linear regression

Minimax time series prediction



Section 1

Square loss game



Square loss protocol (with Koolen and Bartlett)

Convex set C, length T, and know loss functions /.
Foreachround t=1,..., T,

matrix W weights prediction

» We p|ay a; € C errors
» Nature reveals y, € C

Q

» We incur loss

Uag,y,) = Hat_)/tH%V = (at_)/t)Twil(at_Yt)

Our goal is to minimize regret w.r.t. best fixed action a in
hindsight

T

-
Regret = Zﬁ(at,yt) - mcin Zﬁ(a, Ye)
t=1

t=1

Notation: a} = (a1,...,as).



Solving the minimax strategy

» Using sufficient statistics
t t
2 -1
:ZyT and at:ZyIW Yy
=1 =1

» First, we need L* (yl)

1
Ly = inf S la— il = o7 - Lspwe
acRd t=1

and the minimizer is the mean outcome a* = % Zthl Ve



Calculating the value function for C = A

» Need to solve the backwards induction

» Base case: Vr(y{)=-L% = %STTW—lsT — o027



Calculating the value function for C = A

» Need to solve the backwards induction
» Base case: Vr(y{)=-L% = %STTW—lsT — o027

> “Guess”:

Vt(St,O'2t) = thSIW_lst—O'zt—F(]. — tat)diag(W_l)Tst—i-’yt,
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Calculating the value function for C = A

Need to solve the backwards induction
1 2

Base case: Vr(y!)=—L%=L1sTW s — 0?1
“Guess”:
Vi(st,0%t) = aps]W =01 +(1 — toy) diag(W 1) s+,

Base case: a1 = % v =0
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Calculating the value function for C = A

Need to solve the backwards induction
Base case: Vr(y!)=—L%=L1sTW s — 0?1

“Guess”:
Vt(St,O'2t) = thSIW_lst—OQt—F(]. — tat)diag(W_l)Tst—i-’yt,

Base case: a1 = % =0

Induction:

Vi(se,0%) = minmaxl(a,y) + Ver1(se +y, 0% +yTWly)
acN ye



Vi(se,0%) = min max|la — y|[3 + ce(se + y)TW " (s¢ + y)
aeN yeN

— (e +yTWly) + e
+ (1 — toy) diag(W 1) T(s¢ + y)



Vi(st,0%¢) = min max|la — |5 + ae(se + y)TW " (s¢ + y)
aeN yeN

— (e +yTWly) + e
+ (1 — toy) diag(W 1) T(s¢ + y)

. 2 -1
_ — + —1)y™W
= min ymeax||a vl + (oe = 1)y y

+ (2atW_1st + (1 — tay) diag(W_l))Ty +c

:;;)T




Vi(st,0%¢) = min max|la — |5 + ae(se + y)TW " (s¢ + y)
aeN yeN

— (e +yTWly) + e
+ (1 — toy) diag(W 1) T(s¢ + y)

. 2 w1
= - - 1 T
+ (20 W lse + (1 — tay) diag(W 1)) Ty + ¢

N~

=bT

. 2 -1
= - —1)yTW b
min maxlla — yll + (ax — )y y+bly+c
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min maxfla —yliw + (o — 1)y y+bly+c
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acA k



Vi(st,0%¢) = min max|la — |5 + ae(se + y)TW " (s¢ + y)
aeN yeN

— (e + YW TyY) + e
+ (1 — toy) diag(W 1) T(s¢ + y)
= min max|ja — y||%, + (ar — 1)yTW 1y

ac ye
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:;;)T
. 2 -1
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acA k

=max min Exp [Ha —ex3y + (o — 1)el W ley + bTek} -
P acl



Vi(st,0%¢) = min max|la — |5 + ae(se + y)TW " (s¢ + y)
aeN yeN

— (e + YW TyY) + e
+ (1 — toy) diag(W 1) T(s¢ + y)
= min max|ja — y||%, + (ar — 1)yTW 1y

ac ye
+ (2atW_1st + (1 — tay) diag(W_l))Ty +c
:;;)T
. 2 -1
= — —1)y™W b7
min maxfla —yliw + (o — 1)y y+bly+c

= min max||a — ek + (cr — 1)el W ek + bTex + ¢
acN k
=max min Ey,, [Ha —ex|5y + (o — el W ey + bTek} -
P acl

=max—pTW lp+ (ozt diag(W 1) + b)T p+c
p



Vi(st,0%¢) = min max|la — |5 + ae(se + y)TW " (s¢ + y)
aeN yeN

— (e + YW TyY) + e
+ (1 — toy) diag(W 1) T(s¢ + y)
= min max|ja — y||%, + (ar — 1)yTW 1y

ac ye
+ (2atW_1st + (1 — tay) diag(W_l))Ty +c
:;;)T
. 2 -1
- _ —1)WTW T
min maxfla —yliw + (o — 1)y y+bly+c

. 2 -1
— _ —1eT T
min ml?xHa el + (e —1)e, W e+ bTey + ¢

- in Biwp [l — el — 1)e] W ek + bTey]
max min Ex-p lla —exl|l5y + (o — 1)eg ex+bley| -
=max—pTW lp+ (vt diag(W 1) + b)Tp +c

p

Easy to solve via Lagrange multipliers.



Simplex game (e.g. Brier game)
Theorem
Let C = A. For W satisfying an alignment condition, the

value-to-go is
Vi(st,0%:) = arsIW s =0 +(1 — tay) diag(W 1) Ts,+const

with coefficients

aT = T and a; = afﬂ + apy1-
The minimax and maximin strategies are
St
ay = Py = Ttat+1 +C(1 — tat+]_)

which is data mean s—tf shrunk towards center

C

diag(W 1)

w1 W11TW
C1TW1 1TW1



Ball game

Theorem
Let C = (). For any positive definite W the value-to-go is

Vi(st,0°t) = sT Ars — 024 + const.
For round t 4+ 1, the minimax strategy plays
a* = Oma = (Aeps — W) Ags
with coefficients A1+ = %W‘l and

_ -1
A=A (W L Amaxd — At+1) App1+ Ayt



Regret bounds

Regretg e, o< Y1y it

Regretpa = Ama(W 1) 305 o

[1] show that 3], oy = O(log(T) — log log(T)).
Compare with O(log(T)) of Follow the Leader.

v

v

v

v

[ E. Takimoto, M. Warmuth
The minimax strategy for Gaussian density estimation
In COLT 00



Section 2

Online Linear regression



Online linear regression (with Bartlett, Koolen, Takimoto, Warmuth)

Fix a covariate sequence x1, ...,z 1 (fixed design) and length T.
For each round t =1,..., T,

> We play a; € R

» Nature reveals y, € [—B, By]

» We incur loss

at,ye) = (at_)/t)z

» Minimax Regret is
T T
min max - - - min max E (ar — yt)2 — min E (0T, — }/t)2
a y art YT HeRd

t=1 t=1
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algorithm



Online linear regression (with Bartlett, Koolen, Takimoto, Warmuth)

Fix a covariate sequence x1, ..

.,z (fixed design) and length T.
For each round t =1,..., T,

> We play a; € R

» Nature reveals y, € [—B, By]
» We incur loss

at,ye) = (at_)/t)z

» Minimax Regret is
T T
min max - - - min max E (ar —y;)° — min E (0T, —
air v ar YT i HGRdt 1

algorithm best linear predictor



Offline problem

» Define

t t T -1
2 2
st = E o ot = § Yo Pr= E xye]
=1 =1 t=1

» What is the best linear predictor in hindsight:

T

min Z(ﬁT:ct —y,)??
1

d
OeR —



Offline problem

» Define

t t T 71
2 2
St = E o ot = § Yo Pr= E xye]
T=1 =1 t=1

» What is the best linear predictor in hindsight:

-
min 0Tz — y,)2?
JoRe Z( t = Yt)
t=1
» Ordinary least squares:
0* = PTST

with loss
* _ 2 T
T=0 T—S-,—PTST.



Various algorithms

Popular approaches:

t -1
S~FTL . T T
Yirr = C‘3t+1<z:5'37-‘33t> St
q=1
t -1
~Ridge .
Vi1 = iIZI_i_l(ZiBtiBI-FAI) St
g=1

t+1 -1
~ALSM . T E T
yt+1 = a:t_’_l( mtift) St

g=1



Various algorithms

Popular approaches:

t -1
~FTL .__ T E T
yt+1 = :ct+1< CCtCCt> St
q=1

t -1
~Ridge .
phidee w{H(thmHAI) St
g=1

t+1 -1
~ALSM . T E T
yt+1 = a:t_’_l( mtift) St
g=1

Claim:

~MM . T
Vir1 = Xy Peyase



Value-to-go stays quadratic

» We show by induction that
Vt(St,O'?) = SIPtSt — O'2t + Yt
with the v; coefficients recursively defined by

2
y1 =0, Ve = VYe+1 + Bt+1$1+1pt+1-’ﬂt+1



Value-to-go stays quadratic

» We show by induction that
Vt(St,O'?) = SIPtSt — O'2t + Yt
with the v; coefficients recursively defined by

_ _ 2 T
y1 =0, Ve = VYe+1 + Bt+1$t+1Pt+1l‘t+1

> Base case is easy:

— * _ oT 2
VT—— -,——STPTST—U T



» Backwards induction gives

Ve (s1,07) = min max (Pess = Yerr)®

+ Vt+1 (St + Vip1%et1, U2t + nyrl) )



» Backwards induction gives

2\ . ~ 2
Vi (st,crt) ‘= min max (Yt+1 — Yt+1)
Ye+1 Y+l
V. 2 2
+ Vi1 (St T Y41Tt41,0 ¢ +yt+1) )
o . 2
= min max (Yt+1 - Yt+1)
Y1 Yet1

+ (St + )/t+133t+1)T Piiq (St + yt+1mt+1)
- (UZt + yf+1) + Y1



» Backwards induction gives

Vi (st,af) ‘= min max (ytﬂ — yt+1)2
Ye+1 Y+l

+ Vt+1 (St + Vip1%et1, Uzt + y§+1) )

. N 2
= min max (Yt+1 - )’t+1)
Y1 Yet1

+ (St + )/t+133t+1)T Py (St =+ )/t+1mt+1)
- (U2t + y§+1) + Y1
» This is convex in y,.; and hence y, . ; = £B;1, so
Vi (Sn U?) = }r7nin )7%+1 +2B¢41 ‘$I+1Pt+13t - }7t+1‘
t+1

2 2
+ wI+1Pt+1:Bt+1B + SIPH_]_St — 0%t + Yt+1-



» Backwards induction gives
V, 2\ .. N 2
t (St,C’t) = minmax (}’t+1 - Yt+1)
Ye+1 Y+l

+ Vt+1 (St + Vip1%et1, Uzt + y§+1) )

. N 2
= minmax (Yt+1 - )’t+1)
Y1 Yet1

+ (st + )/t+1113t+1)T Pey1 (St 4 Yer1®esn)
- (02t + Y%+1) + Vi1
» This is convex in y,.; and hence y, . ; = £B;1, so
Vi (St, U?) = }r7nir11)7%+1 + 2Bt ‘$I+1Pt+13t - }7t+1‘
t+
@] Pra@e1 B2+ 8] Pepi1se — 0% + Yes1
> If |:13{+1Pt+1st] < Bi41, setting subgradient to 0 yields

61
Vig1 = Ty Prase



» Plugging in this y,,;, we get

Vi (St,Uzt) =s] (Pt+1iUt+1iBI+1Pt+1 +Pt+1) St

2 2 T
— 0%t + Y1+ B 1 Peixe

» Value is
-

VO(O, 0) =7 = Z BEmIPta}t

t=1



» Plugging in this y,,;, we get
Z:Pt

Vi (St,UZt) =s] (Pt+1iUt+1iBI+1Pt+1 +Pt+1) St

2 2 T
— 0%t + Y41+ By 1 Peixe

» Value is
-

VO(O, 0) =% = Z BngPta}t

t=1



» Plugging in this y,,;, we get
Z:Pt

Vi (St,UZt) =s] (Pt+1iUt+1iBI+1Pt+1 +Pt+1) St

2 2 .7
— 0%t + Y41+ B 1 Pei®e

=t

» Value is
-

VO(O, 0) =% = Z BngPta}t

t=1



Theorem
The strategy

o T
Ver1 = Ty Pegase, (MM)

is minimax optimal and the value-to-go is
2
Vt(St, 0'?) = SIPtst — 0 ¢ + Yt

with coefficients

- -1
Pr= (Z T T] , Pi=Pi+ Pt+1xt+1w1+1Pt+1,
t=1

_ _ 2 7
y7 =0, Ve = Yer1 + B 1 Pry1®es,

provided the box constraints |x},, Pty15¢| < Bey1 hold.



Alternate form of P;

» P, has a nice interpretation as an augmented least squares
prediction

xy Pqx
T 9 9 T
Zac Tq Z 1+w5pq$qwqmq'

g=t+1
W—’

least squares re-weighted future instances




Alternate form of P;

» P, has a nice interpretation as an augmented least squares
prediction

xy Pqx
T 9 9 T
Zac Tq Z 1+wI,quqxqmq'

g=t+1
W—’

least squares re-weighted future instances

» Accounts for future covariates
» Scale invariant

> Unlike ridge etc., data dependent regularization



Regret

If the budgets and covariates are compatible, i.e. we have

t—1
B: > Z ’mIPth‘ B,

T=1

then the minimax regret is

T
E Bga}{tht
t=1

and the maximin probability distribution for y,,; puts weight
1/2 + m1+1Pt+lst/(2Bt+l) on :l:Bt+]_.



Section 3

Tracking



Time series prediction protocol (with Koolen, Bartlett,
Abbasi-Yadkori)

Fix a convex set C, length T, regularization parameter A\ .
For eachround t=1,..., T,

» We play a; € C

» Nature reveals y, € C

» We incur loss £(ae,y,) = |lar— y,|?
> Regret:

T T+1

2
S lac—yell -, min {znat ol i Yl }
t=1

Our loss Loss of Comparator Comparator Complexity




—optimal offline

—data

15 [~ minimax online

20

awodIno

200 300 400 500

100

time



outcome

20 — data
—optimal offline
—minimax online

0 100 200

time
Ye=[y;---y] and A =a; --ar]. For v, € Rt and K = 0,

Data domain ||Yvs| <1
Complexity tr(KATA)

300 400 500

eg. |yl <1

€.8. ZTHHat —a;_ 1||

Let



Backwards induction

Histories are Y = [y1 - y4]-
Offline Problem: A = Y (I + \7K)! and value

Vr(Yr)=—-L"=—tr (Yr(I - (I + \7K) H)YT)
with recursion

Vi_1(Y:+_1) = min ma — 2 L V(YS).
t-1(Y¢-1) o lar — yl" + Ve(Ye)

So far, just a bit more complicated than before.



Behavior of backwards induction solution

Theorem
If ||b]| < 1, then the minimax problem

V' = min max fla—y|? + (a - 1)y[?+2bTy
a yyl<1

has value and minimizer

|[b])? if b o <0

V*: 1—a ! CKSO, and a= 11—« ma =y,

b2+ a ifa>0, b ifa>0.
Non-trivial induction: L P

» Curvature of optimization can switch
between rounds

> Yet can pre-compute beforehand

o = o w s o
T

-4 -2 0 2



Minimax solution

Input: T, K, \1, v1,...,0T

Output: matrices Rt:<ATt bt)
bt Ct

be
strategy a¢ = Xt_l{l—ct

<t
bt — CtUy¢

if Ct S 0,
if Ct > 0.




Theorem
Under a (typical) no clipping condition on Y T,

;
V(Ye) = tr(Ye(Re—T) YD)+ ) max{c,0}
s=t+1

and, in the vanilla case (norm bounded data, increments
penalized),

o)



Section 4

Conclusion



» Minimax algorithms can be computationally efficient with
enough structure, e.g.
» Normalized Maximum likelihood that is Bayesian
» Certain square losses
» Exploited the fact that saddle point problems with square loss
are nice
» Can we characterize the class of functions that are closed
w.r.t. the backwards induction operator?



Section 5

Extra slides



Ball game maximin

The maximin strategy plays two unit length vectors with
1 a-‘l‘—vmax
Prly=a,+/1-ala vmx) = Ei—,
2y/1—ala;

where A\max and vmax correspond to the largest eigenvalue of A;qg
and a and a are the components of a* perpendicular and
parallel to Vmax.



Tracking: second order K

» Computation: if K and v; are banded then R;! is sparse

» Here we imposed data bound || Yv:|| < 1. In the paper we
show that the minimax strategy guarantees an adaptive bound
scaling with || Y v¢]|.

» A second order smoothness version of K gives complicated ¢;

Figure: vi = e; —er_1 Figure: vi = e; —2e;—1 +e:—>



Ellipse

Fix a budget R > 0, and consider label sequences

.
Vg = {yl,...,yr ER: Y yim] P, = R}

t=1
We show that (MM) is minimax for this set.

In fact, the regret of (MM) equals

T
RT = Zy%mtptmt.
t=1

This means that this algorithm has two very special properties.
First, it is a strong equalizer in the sense that it suffers the same
regret on all 27 sign-flips of the labels. And second, it is adaptive
to the complexity R of the labels.
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